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Abstract 

0\ ■ 

Using a cohomological characterization of the consistent and the covariant Lorentz 
and gauge anomalies, derived from the complexification of the relevant algebras, we 
j^h. study in d = 2 the definition of the Weyl determinant for a non-abelian theory with Rie- 

mannian background. We obtain two second order operators that produce, by means 
of ^-function regularization, respectively the consistent and the covariant Lorentz and 
gauge anomalies, preserving diffeomorphism invariance. We compute exactly their 
functional determinants and the W-Z-W terms: the "consistent" determinant agrees 
with the non-abelian generalization of the classical Leutwyler's result, while the "co- 
variant" one gives rise to a covariant version of the usual Wess-Zumino-Witten action. 



1. Introduction 



In the first eighties it was realized that a rich algebraic and geometrical structure subtends 
the existence of consistent anomalies: their characterization as solutions of a cohomological 
problem [|l[] and its relation with deep algebraic geometrical theorems, as the index theorem 
||, HJ, were crucial tools in understanding interesting phenomena. 

A complementary approach to the problem of the anomaly relies on the construction of 
some representations of the anomaly algebra: with regard to theories describing gauge or 
gravitational interactions of spin one-half fermions, this is realized as the determinant of a 
relevant Weyl operator. 

On a compact Riemannian manifold the eigenvalue problem for this operator is not well 
defined and the local anomaly is just the manifestation of this fact: the determinant can be 
characterized, from a geometrical point of view, as a line-bundle over the space of the gauge 
orbit . The non-triviality of this line-bundle, linked to the non- vanishing of the anomaly, 
makes impossible to have a global section i.e. to have gauge invariance for the determinant. 

In an analytical approach, where one essentially tries to give a meaning to an infinite 
product of eigenvalues, the problem appears from the very beginning, any possible definition 
of the eigenvalues of the Weyl operator being ambiguos by a phase factor || . For a gauge 
theory with connections on trivial principal-bundle, one can easily by-pass the problem 
working with a Dirac operator, in which the gauge fields are coupled only to the left or 
the right component of the spinor. (^-function regularization [f|, [5[ provides a well-defined 
procedure to define the determinant of operators of this type, reproducing the perturbative 
and cohomological results for the consistent local anomaly; in the gravitational case this 
trick does not work, due to the crucial presence of the n-bein fields that couple to both 
components. An analytical definition and an explicit computation of the chiral determinant 
in curved space appeared in || |7| , using a completely different approach based on integrating 
polynomials and a regularization of the fermion propagator. 

In reference |§ we have developed a systematic way to define the Weyl determinant for 
gauge theories, based on its (^-function definition in terms of second order operators. The 
complexification of the gauge group was the main tool in this approach; we have shown how 
the related cohomological problem for the anomaly has in this case two different solutions, 
one giving the consistent anomaly and the other one generating the covariant anomaly. 
The correct operators were obtained requiring that the gauge variations of their functional 
determinants, in this generalized setting, realize the consistent solution. In this way we 
have also clarified the structure of the covariant anomalies and their relation with functional 
determinant techniques. 

In this paper we compute the determinant for a two-dimensional non-abelian chiral gauge 
theory in a curved Riemannian background: the complexification of the gauge groups (color 
SU(N) and local-frame SO(2,R)) can be avoided, simplifying the analytical calculations, 
and a direct comparison of our formalism with previous results JjJ is possible. We could also 
directly test the properties of the covariant solution and indeed we give the explicit form of 



the covariant W-Z-W term ||, obtained from an extended SL(2,C) transformation on the 
functional determinant. 

The paper is organized as follows: to make it self-contained we describe in Sect. 2 the extended 
cohomological problem in d = 2n dimension; in Sect. 3 we turn our attention to d — 2, writing 
the anomalies as derived from the descent equations and explaining the operatorial approach; 
in Sect. 4 and Sect. 5 we find the correct second order operators linked to the covariant and 
consistent anomaly, respectively, and we compute their determinants and the related W-Z-W 
terms. 

2. The extended cohomological problem and its solution 

The classical action for a chiral spinor coupled to a gauge connection on a Riemannian 
manifold M of dimension 2n is: 



Sd = Jd 2n x^^D^j, 



D = e£ a a i (<9 M + iA^ + -^ Mcd a c cr d ). (1) 

We have used the canonical volume form of M 

g^y being a fixed metric. E^ a are the 2n-bein fields (with inverse e£) and Q^cd is the spin- 
connection linked to the metric tensor 

Qfiab = e v a (d^E ub -T ilu Ex b ). (2) 

We assume the absence of torsion, so T* u is the usual Levi-Civita connection. 

A^ = A^T a (3) 

is a gauge connection belonging to a (trivial) SU(N) principal bundle over M, T a being a 
basis for the SU(N) Lie algebra: 

[Ta,, T b \ = i fab C T c 

tr(T a T b ) = ^6 ab (4) 

The Weyl matrices a a represent the algebra 

o"aO-& + a b a a = 25 ab , (5) 



a a being the other inequivalent representation, existing for d = 2n 10 . 



The vacuum functional of chiral fermions on this backgrounds is formally defined as 

T[A,E] = -logdet[Z>]. (6) 

Immediately we are faced with a basic difficulty in defining the determinant for the Weyl 
operator D: it maps a chiral spinor on a spinor of opposite chirality 

d : r(s+) M - r(S-) M (7) 

where T(S + )m (T(S-)m) is the space of right (left) sections of the vector bundle associated 
by the Dirac representation to the spin-principal bundle on M. T(S + )m and T(S-)m are 
different Hilbert spaces and there is no canonical isomorphism between them: D does not 
map a Hilbert space into itself and we have no canonical way to define a meaningful eigenvalue 
problem, that is essential for the construction of the determinant. A way out is to try to 
define the Weyl determinant by means of an operator with a good eigenvalue problem but, 
in general, some of the classical properties are lost after this substitution. In particular the 
covariance properties of D could be destroyed, breaking the naive invariance of eq. (0) under 
gauge, diffeomorphism and local Lorentz transformations. 

Disregarding problems of globality (namely assuming that M is parallelizable), the in- 
variance properties of eq.(|6|) derived from the symmetry of the classical action eq. ([!]), are: 

(i) local gauge invariance (local SU(N) transformations) 

5 g (X)A; = d,\ a + i[A^\}\ 

5 G (X)E fia = 0, (8) 

where we have defined A = A a T a ; 

(ii) local Lorentz invariance (local SO(2n,R) transformations) 

5 L {r)Al = 
8 L {r)E^ = r ab E^ b (9) 

where we have defined r ab = -r ba , r = \r ab a a a b ; 

(Hi) diffeomorphism invariance (local GL(2n, R) tranformations) 

5 D (Z)Al = d.CAl + d^C, 
6 D (0E, a = d^E va + d v E^i\ (10) 

If we want to describe these symmetries in the more general case of non-trivial principal 
bundles and non parallelizable manifolds, we have to introduce fixed background connections 
A ^ and f2° ab in order to get a global description on the base manifold |], |TT[ . 

The algebra of 5 G , 5 L and 5 D is: 

[<5 G (A 1 ),5 G (A 2 )] =5 G ([\ 1 ,\ 2 ]), 

[8 D (ti),6 D fa)\ =**([&, 6U), 
[8\nl8 L {r 2 )] =^([71,7!,]), 
[S D (0,S L (r)\ =S L (eD,r), (11) 



where 

[£i,£2]£ = er^-£M 

and D^ is the covariant derivative on SO(2n,R); all the other commutators vanish. 

If we could be able to construct T[A, E] preserving the classical properties of the Weyl 
operator, the invariance of the action eq.(|l|) under the just described symmetries would have 
been translated into 

5 G (\)T = 5 l (t)T = <5 D (0r = 0. (12) 

A meaningful definition of the vacuum functional, in general, will modify eq.(^), generating 
anomalies: 

5 G (X)T[A,E] = a G (X), 
S l (t)V[A,E] = a L (r), 
5 D (0T[A,E] = a D ($. (13) 



The algebra eq. ([TT]) gives strong constraints on the right-hand side of eqs.(|T3"|), the so- 
called Wess-Zumino consistency conditions: 

5 G (X 1 )a G (X 2 )-5 G (X 2 )a G (X 1 ) = a G ([A 1? A 2 ]), 
5 L (Ti)a L (T2)-5 L (T 2 )a L (n) = a L ([r 1: r 2 }), 
5 D (6)a D (6)-^(6)a D (6) = « D ([6,6]l), 

6 D (Oa L (r)-6\r)a D (0 = a^ZV), (14) 

that are equivalent, after having turned the Lie algebra valued parameters A, r and £ into 
anticommuting ghosts and having defined the action of 5 G,L,D) on them, to a cohomological 



problem [|TJ. The information encoded in eqs.(|14|) is enough to obtain, up to a global co- 
efficient, the general form of a G , a L and a D , requiring their locality on the fields and their 
derivatives. We remark that the cohomological solutions naturally implement the arbitrari- 
ness of the regularization procedure on the computation of T[A, E\: a G,L,D are obtained up to 
coboundaries of the relevant B.R.S.T. operators that correspond to the addition of suitables 
local terms on the right-hand side of eq.(|G]). 

The solutions of eqs. fll"4|) are called consistent anomalies and a correct definition of the 
Weyl determinant must fulfill them, according eq.flTB|). In the following we assume a D {S,) = 
because we are interested in a diffeomorphism invariant definition of T[A, E]; this choice is 
compatible with eqs. (|i~4"l) (for parallelizable manifolds) and it can be always achieved by 
adding to the vacuum functional a suitable local (but non-polynomial) Wess-Zumino term 
on the 2n-bein fields ||12|| . 

If we extend SU(N) to SL(N, C) and SO(2n, R) to SO(2n, C) we can derive from eqs.(|IJ) 
not only the consistent anomalies but also the covariant anomalies || [L3|]. Let us take for 
example 5 G : we make the decomposition 

6 G (X) = 5 G (X) + 6 G (X) (15) 



with <5f (A) generating gauge transformations of SU(N) type (now seen as subgroup of 
SL(N,C)) and <5 G (A) acting on the ortogonal invariant complement. The algebra of Sf 
and #2 is: 



[5f(A 1 ),5f(A 2 ) 
[#(Ai),tf(A 2 ) 
[*?(Ai),#(A 2 ) 



tf([Ai,A a ]), 

-5f([A 1; A 2 ]), 

<$?([Ai,A 2 ]), 



(16) 



leading to the W-Z conditions: 



,G 



Gi 



,Gi 



^(A!)a G (A 2 ) - ^(A 2 )a G (A 



<5?(Ai)a?(A a ) - <5 2 G (A 2 )a G (A 
^(Ai)a 2 G (A 2 ) - <f(A 2 )a?(A 



of([Ai,A 2 ]), 
-a?([Ai,A a ]), 

a 2 G ([A 1; A 2 ]). 



(17) 



It can be shown 
by: 



13| that two non-equivalent local solutions of eqs.([T7|) are characterized 



,G 



,G 



± 



0. 




and 



,G 



±iax 



(19) 



The functional form of these solutions is given in ||: they are local functionals of the 
connection A^ on SL(N, C) and of its derivatives. Projecting A^ on SU(N), a G , as derived 
from eq.(|l8|), is the covariant anomaly, while a G in eq. ([T9|) is the consistent anomaly. No 
differences arise for the SO(2n,C) sector. 

The characterization of the consistent anomaly obtained by eq.(|19"D will be our guide in 



the construction of T[A, E\: we are looking for a definition of det[D] compatible with eq . ( 19 ) . 
We will also find a functional realization of eq.(^) that we will show to correspond to the 
modulus of the Weyl determinant. 



3. The two dimensional problem: algebraic and functional approach 

We can now apply the general properties discussed in the previous section to the two- 
dimensional situation: some simplifications related to the peculiarity of d = 2 take place, as 
we will see. 

The first task is to realize the algebras eqs. fllfiD for SL(N, C) and £0(2, C). The general 
form of a SL(N, C) Lie valued gauge connection is ]I|| : 



-4, 



;K 



V9 J 



W-^v + ^ + i-pu^djj 



(20) 



with U and V taking value in the SL(N, C) group. The projection of A^ over SU(N) is 
obtained within the restriction 

U ] = V- 1 (21) 

that implies A^ = A^. 

We define the action of 5f and 5% on U and V as: 



that leads to 



5?(X)U = -iUX 


5%(X)U = 


-UX 


5?(X)V = -iVX 


^{\)v = 


vx 


^{X)K = 


Aa 




<f (A)i„ = 


^D u \ 





(22) 



(23) 



with 



D lt X = d ft X + i[X,A lt ]. (24) 

One can easily show that <5f (A) and S§ (A) defined by eqs.(|23|) represent the algebra eq. (p~6|) . 
Following the general procedure based on the descent equation formalism jL|, developed in 
f| H, we get the covariant solution eq. ([i~8D : 

of(A) 
ag(X) 





^ J d 2 x^tr[(^d,(A u + At) + ^[A^Atp 



(25) 



In the same way the consistent solution eq. ([T9|) is: 



af(X) 
af(X) 



ia 2 0) = J- I d x^fgtr 






w^Anx 



-ia 2 G (A) = ~ fd 2 x^tr\(— e^d.Al + iV fi A^)\ 



where 



4vr J v " LV^" 



v,r = D,r + r; p r. 



(26) 



Under SU(N) projection they reduce to the well known expressions for the covariant and the 
consistent anomalies. The Bose factor | is a natural bonus of the canonical normalization of 
the Lie algebra valued symmetric polynomials we have used to derive the descent equations. 
To obtain a basis for the representation of SO(2,C) we do not need a complexification 
of the zwei-bein E%: the abelian character of the group simplifies the approach. We use the 
representation of the Weyl algebra: 



01 

<?2 



01 = 1, 

-02 = i 



(27) 



and we define 



4 
An 50(2, O) matrix A admits the factorization 

A = RA 



c K a u a 

1 
&H = —-7^-^abO'aO'b- (28) 



where Re S0(2,R) and 



The action of A is: 



^ = f cosh0 -isinh0 \ ,_ 

\ i sinh 6 cosh d> ) 



AEp = exp(0)£ M 
Ae M = exp(-0)e M 

Afi M = ^ + 1-^,0. (30) 



2^ 



It is clear that the set of fields 



E, = exp(0)K 



exp(— 0)e( 
1^ 



fi M = % + -^pd v <t>. (31) 

now carries a representation of 5*0(2, C) Lie algebra: 

5 L 2 {r)E, = ir ab El (32) 

derived from 

8[{t)E; = r ah E\ 
(5^(r)0 = -r ab a a a b (33) 



being #(r)0 = = <5 2 L (r)££. 

Basically we have recognized that 



Lie 50(2, O) ~ Lie (50(2, i?) <g> i? 4 



and we understand R + as the group of the local dilatations of the orthogonal frame (confor- 
mal transformations). The projection over £0(2, R) is obtained setting = 0. 

Using the descent equation, that in this case is almost trivial due to the abelian character 
of the problem, we get: 



a L x {r) 
4(r) 







24vr 



/ d 2 x^J~g Rt 



and 



a L x {T) =- ±ia L 2 {r) = ± / d 2 x^[—(R±2A g( f>) ± y^^ 



T 



(34) 



(35) 



R being the usual scalar curvature. 

We remark again the factor | between the covariant and the consistent solution and the 
coboundary 



± 



12vr 



(Pxy/gV^r 



(36) 



that is essential to obtain ai = ±zo2- The abelian character of SO(2,R) makes somewhat 
questionable the difference between consistent and covariant Lorentz anomaly in d = 2: both 
are proportional to R (apart from coboundary terms) and the definition Jl2| requires only 
the factor ~. Nevertheless in the extended situation they belong to two different cohomology 
classes of 5 L = <5f + 5^', as one could check no local term brings eq.(|34|) into eq. (|35|) . 

All those algebraic properties possess a precise counterpart once we try to derive a mean- 
ingful functional from the naive definition eq.(|J) of T[A, E\. 

Let us turn our attention to the Weyl operator D: a very general way to construct the 
determinant of a (pseudo) differential operator of elliptic type is by means of the ^-function 
regularization ||. 

Under some assumptions we can define: 



C(s;A) 
det[A] 



Tr[A~ 



d 2 Xy/gtr K(x,x; s 



exp 



d_ 
ds 



C(s;A) 



s=0 



where K(x, y; s) is the kernel of the complex power of the elliptic operator A |L5] 



< x\A s \y >= K(x,y; s) 

and Tr is understood as an operatorial trace while tr is a matrix trace. 
K(x, y; s) is related to the more usual heat-kernel H(x, y\ t) Jl6| by: 



(37) 



(38) 



K{x,y-s) = — / dtt s - l H{x,y;t). 

1 s Jo 



(39) 



Unfortunately we cannot apply directly the ^-function machinery to the Weyl operator: we 
fail because there is no way to define its complex power eq.(|38|) for the lack of a ray of 



9 



minimal growth [HJ . This is the analytic counterpart of the bad definition of the eigenvalue 
problem, discussed in sect.l. 

To overcome this difficulty, we go back to eq.(|6|) and we introduce an isomorphism D* 

D* : r(S.) M - F(S + ) M ; (40) 

then we define 

det[D] = det[D*D\. (41) 

The operator D*D admits a well defined eigenvalue problem, even if the covariance properties 
are, a priori, lost. Our task is to find such a D* to recover, under SL(N,C) and SO(2,C) 
variations, the consistent and the covariant solutions eg. (p~8|) , eg. (|i"9|) . A good candidate for 
D* is 

D*( n ,r 2 ) = wj&dy. + ~(1 - n) fi M + ir 2 A\] (42) 

with r\,r 2 G R. Taking into account our choice of the Weyl matrices we get for n = 0, 
r 2 = 1: 

D* = D ] 

and 

det[I>*(0, 1)D] = det[D*D] = |det[L>]| 2 (43) 

In this case we lose the phase of the determinant on which the unextended anomaly relies 

One can prove that D*(ri,r 2 )D possesses a ray of minimal growth and the (^-function 
technigue is perfectly viable. Defining 



1 



d 



r^[E;A,At] = T ((s;D*D) (44) 

k[ri, r 2 ) l as Js =o 

(the choice of the normalization k(r l7 r 2 ) will be clarified in the following) and the anomalies 

of (a) = <5 1 G (A)r (ri - r2) 4(t) = ^ L (r)r (ri ' r2) 

«?(A) = ^(\)T^ a L 2 {r) = 5^r)T^^ (45) 

we can find the values of r x ,r 2 satisfying egs. ( |I~8D and fll9| ) with local a 12 . 

To compute the variations of T^ ri ' r2 ^ we need the transformation properties of D*D under 
SL(N,C) and SO(2,C): using eg.(p3[) and eg.(p2[) one obtains: 



5?(\)(D*D) = i(D*D)\-ir 2 \(D*D)-(l-r 2 )(D*\D) + 

+ i(l-r 2 )r 2 ~a a e»[\A\]D, (46) 

5%(\)(d*D) = (D*D)\ + r 2 \(D*D)-(l+r 2 )(D*\D) + 

+ z(l - r 2 )r 2 cr a e£[A, A ^}D, (47) 

10 



8{ (r) (p*D\ = (1 + n)r (£)*£)) + (d*D)t - n (£>*r£> 

5%{t)(d*D) = -i(l + n)T(p*D) -i(p*D y JT + (ri-2)(p*rD 

The trace properties of the kernel eq.fl3"8"|) [T^] allow us to write: 

of (A) = -^Jd 2 x v ^tr[(H 1 (r 1 ,r 2 )-H 1 (r 1 ,r 2 ))\](l-r 2 ) + 



1 i 

fe 471 

1 i 



d 



-s-1- 



I -— (l-r 2 )rijd 2 x^-[sTr{a a eZ[A^,i\]D(D*D) ^ } 



(48) 
(49) 



8=0' 



(50) 



e£(A) 



1 i 

/c47T 
1 Z 



d 2 Xyfgtr (fl"i(ri,r 2 ) - #i(Vi,r 2 )jA (l + r 2 ) + 



+ r—1 - r 2 r 2 



A;47r 



l^xv^^arr^lit^AlU^i?) ' '} 



s=0 7 



1 1 



Oi(t) = r^- / d^v^trf^iCn.ra) - #i(ri,r 2 ))r 



ri 



4M 



1J_ 

/c47T 



d^v^tr [(tf^n, r 2 ) - ^(n, r 2 ))ri + ±(H X + #, 



r. 



(51) 

(52) 
(53) 



H(ri,r 2 ) and H(r\, r 2 ) being the first coefficients of the expansion of the heat-kernel eq.([37]) 
for t —>■ [[UJ], generated respectively by the operators D*D and DD*. Generalizing the 
technique developed in || to our case (a deformation of the operator D *D) we compute the 
coefficients Hi and Hi. 



H 1 (r 1 ,r 2 ) 



1 1 

n 

24 8 



R + 2A„0 - -riDSl* 



Ire 1 **' 



c^ 



^(4, + r 2 At) + 2*r 2 — At A„ - W^A^ - r 2 A 



(54) 



Hi{r 1 ,r 2 ) 



1 1 

1 Ti 

24 8 
lr <? v 



R + 2A S 0J + -r{D^ 



C HV 



-—d,(A u + r 2 A t ) + 2*r 2 — A U, + iV^Ap - r 2 A \) . (55) 



V9 



\fg 



We remark that the definition eq.([B]) automatically implements the invariance under 
diffeomorphism: one can easily check that 



5 D (0(D*D)= ?d„D*D 



(56) 

the trace properties of the kernel eq.(p7[) implies that this type of transformations does not 
change the (^-function determinant. 

Let us now look for the covariant and the consistent solution. 



11 



4. The covariant determinant and its W-Z-W term 

A local expression for a® (A) and a^ir), compatible with 

of (A) = = of(r), 
is obtained by choosing 



r 2 





1 



that corresponds to take D* — D t; the normalization fc is fixed to ^ to recover: 



r^LE: i,i f 



log|det[D] 



(57) 



(58) 



The explicit form of Hi and Hi leads to the anomalies: 

1 C Y f t^ 

of (A) = — y d 2 xv^tr[{— a M (^ + At) 



c /ii/ 



+ i^=[A,At]-W»(A,-Al)}\ 



4(r) 



247T 



Jd 2 x^(R + 2A & 



(59) 
(60) 



that for A^ = A^ and 



become the usual covariant gauge and Lorentz anomalies: 



c/»' 



«1(A) = — J d 2 x^ tr[{—F^)X 
«L( r ) 



24vr 



/ d 2 x^fg Rt. 



(61) 



The next step is to compute eq.(]5q): a first semplification derives from the fact that E a 
is the conformal transformed of E* giving us the possibility of working with the original 
zwei-bein and, at the end, to recover the extended result with a local dilatation. A second 
observation concerns the diffeomorphism invariance of the determinant itself: we can choose 
a convenient coordinate system to develop our calculations. 



Locally any two-dimensional Riemannian manifold admits a coordinate system |T7 
which the metric tensor has the form 



m 



Qya, = exp(4a)<5 



liv 



leading to the zwei-bein 



e£ = exp(-2a)W o6 cos(2/?) - e afe sin(2/3)). 



(62) 



(63) 



12 



Disregarding problems of globality, we assume everywhere the validity of this parameter- 
ization, obtaining a simple expression for the spin-connection and the scalar curvature: 



n 



1-1 

R 



du(3 + tuvd v a 



—4 — d u d u a. 

V9 " " 



(64) 



In these coordinates D ^D can be written as 



D^D 



ia^ exp 



—3a — i/3 (d^ + iA jj exp 



-2a 



ia v [d v + iA v ) exp a + if3 



(65) 



It is not difficult to find the infinitesimal variation of det [.D^-D] for the transformations: 



a 







a — ea 

(3-ef3 



(66) 



with e —>■ and to iterate this change driving a and (3 to zero: 

<\et[D ] D] = exp[ri]det[P^D 2 ] 



D, 



ia^dfj, + iA f 



(67) 



One can easily verify that Ti actually is only a functional of a and, eventually, of A^ and 
A*: this fact reflects its invariance under SO(2,R) Lorentz transformations (independence 
from the local orthogonal frame, that is contained in /3, as it is evident from eq.(^)). In 
terms of de-Witt coefficients, r\ is given || by: 



dT l 
dy 



ri 



(y) 



dy- r {y) 
dy 



^Jd 2 x^)[H 1 (D\y)D(yj) + H 1 (D(y)D\y))]2a, (68) 



where 



lg(y) =exp[4a(l - y) 
and D^(y)D(y), D(y)D j[ (y) are obtained from eq.(|65"D with the substitution 

a -»a(l-i/), 
(3 -/3(l-y). 

The heat-kernel coefficients are derived from eq.( [54T ) and eg. (j55|) : 
ri[a] = — J d 2 x J dy (1 - y) 4(9^a) a, 

13 



(69) 



(70) 



that in covariant form is: 

ri = 



1927T 



d 2 x^/g d 2 Zyfg R(x)A 1 (x, z)R(x 



(71) 



A l (x, z) being the kernel of the inverse Beltrami-Laplace operator. 



We still have to compute 



det 



D\D 2 



det 



-A 



exp — r 2 



A,A ] 



det 



-A 



giving the natural normalization to the free case (no gauge or gravitational back- 
ground) . 

At this point we observe that 

1 



ff A 



'fl\ v flf v^lAV) 



(J„ 



while 



2 



-cr^S^ + ie^) = -^(^ 



(72) 



recalling the form of the A^ connection given in eq.(pO|) we get: 



D \D 2 = ia^ 



ia v 



d v - v~ l d v v 



V\iaM{VV^)-\ia v d v )V. 
If we define an interpolating matrix V(r) with the property 

v(o) = a, 

V(l) = V, 
we can express, by means of the same decoupling technique used on eq.(|68|), T 2 as: 

- 1 - dT 2l 



(73) 



(74) 



dr 



V,V^ 



[r;V,V 



dr 
o dr 

, d 2 xtr 



r;v,yt], 

(H^r) - H x {r)) (v^(r)d r V(r) - 



V\r)d r (V ] ) \r)) 



(75) 



where Hi{r) and H\(r) are again derived from eq.(|54]) and eq.(^), taking the pure gauge 
part. They give: 



H^-H^r) 



4(<V + 



^iivWp, 



„ \V\iv %e iiu 



v ] d v {v^y l ] (r) + -(5, v -it, v )d,[Vd v V- 1 
V- l d^V V ] d u {V ] Y l + V ] d^{V ] Y l V~ l d v V 



(76) 
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It is straightforward to compute the trace on eq.([75|) and to obtain: 



r 2 [v,v^ = f[vv^] = — Jd 2 xtr[d„(yv j <)d l ,(vv j i) '\+s wzw [vv^ 



l r 1 



Swzw[V] = —J^dr J d 2 xe^[V-\d^V)V-\d v V)V-\d r V)\. (77) 

Taking eq. ( [77] ) in its coordinate invariant form and performing on eq. ( ]7T| ) a local dilatation, 
we can write the extended D^D determinant (normalized to the free case): 

det [D ] D] = exp -T \E; A, A f 



E:A,A j 



1 



d 2 Xs/g d 2 z^/gR(x)A- 1 (x, z)R(z) + 



1927T 

-±- fd 2 x^[R<p + <f ) A g <f ) \+^- I d 2 x^tr[(vV^y l A g (vVl) 



48vr 



STY 



-1 



+ s 



wzw 



vv 



+ 

(7* 



We notice that the extra-piece depending on generates a Liouville action: appears as a 
dilaton field. 

Let us turn our attention to the gauge field part of eq. (|7S|) : we recall that 5% generates 
transformations belonging to SL(N, C)/SU(N). A finite transformation of this type acts on 
V and U as: 



V -^Vh, 



(79) 



where h G SL(N,C)/SU(N). T E^AjA* 1 depends only on the combination VV', so the 
invariance of eq.([7^) under SU(N) transformations is evident while under eq.([7Sj) we have: 



VV 



Vh 2 V\ 



The well-known Polyakov-Weigmann formula [ITS 



/flU 
d 2 x^ (f + z— ) trUAr^A) (Bd v B 



m 



»i) 



allows us to express the effect of the transformation h through a covariant W-Z-W action 

t[vh 2 v t] = f [v v t] + r™ zw \h- A, A t 



-pcov 

1 WZW 



kA,A ] 



2r 



h 



+ _y AV5 (^ +j „, 



A^A V 
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zW 



-]^ 9 ( 9 - + i- )t r 



h- 2 A„h 2 A\, 



c iXV 



— J d 2 x^ (<T + i— ) tr [A^dvh- 2 + h-%h 2 A I 



,/ii/ v 



+ -^J d 2 x^g (g>» + l —)tr[h 2 (d ll h- 1 )(d v h- 1 ) 



+ 4^ / d X V9 tr 



h 2 A g h- 2 - 2hA g h- 1 



«) 



Tyy ZW was obtained, in d = In dimensions, using cohomological methods in |§; this is an 
explicit computation, based on a functional representation of the relevant extended algebra. 
The projection over SU(N) is performed by taking V^ = U~ l . In this limit V VV* 
coincides with the usual expression of the logarithm of the Dirac operator, confirming the 
well known property l| that 



det[D 



Weyl\ 



det[D 



Dirac] 



Nevertheless by means of an infinitesimal SL(N,C)/SU(n) transformation we can recover 
the covariant anomaly as one could directly check in eq.(^) starting from 



h~ U + A. 



5. The consistent determinant 



Finally we find the correct second order operator, realizing a mapping 



v(s A 



M 



v (s. 



M 



whose (- function determinant represents the determinant of the Weyl operator. In ref. ||, 
in the case of pure gravity coupling, we have found a whole one-parameter family of second 
order operators, relaxing the definition in eq . ([4lD , that leads to the consistent condition 

eq-(0). 

Now we strictly study operators of the form D*D, where D is the Weyl operator: in other 
words we want to find the correct isomorphism D* in presence of an additional non-abelian 
gauge background. We start from eqs.(|50D, (|5TD, (0), (0), with k — 1, and we try to fix n 
and r 2 leading to: 



Gi 



e£(A) = -ia%{\), 



Oo T 



ia x \t) 



(83) 
(84) 



,G 



One immediately realizes that r 2 = gives a local expression for a^ and a 2 obeying to 



eq . fl83|) . To derive the correct value of r\ we first switch off the gauge field on eqs.( 
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then using the explicit form of Hi(ri, 0) and H\{r\, 0) we obtain: 
1 r ,o - r 1 



-jd^[- ^([R + 2 A, 



irfV^ 



T, 



4(r) 



' Va?v£ [-jr 2 1 (R+2A g( p) -zr 2 P^ + ^(i? + 2A g 



47T 



55) 
56) 



forcing the equations: 



1 1 5 
- - -rf 



r 2 = -r 2 (87) 

that are clearly inconsistent. But we recall that eq.(p4|) must be understood up to cobound- 
ary terms, a fact that corresponds to the addition of local terms on the logarithm of the 
determinant 

r (ri ' 0) [£;!,!+] = -logdet[D*(ri,0)D". 

If we add to the ^-function calculation of r( ri, °) E;A,A^ the local polynomial 

1 



P[E] 



12vr 



d'xy/gg^n^ 



we have to consider its contribution to a\{r) and a^r) that is: 



5Hr)P[E] 
5 L 2 {r)P[E] 



-— J d 2 x^V^r, 



24vr 



Jd 2 x^(R + 2A g <f))T. 



(89) 
(90) 



These contributions change eg. (pop and eg . (p6|) , giving a new system that replaces eq 

1 2 11 

2 Tl ~ 3 ~ 6 
2 

2 ^ 2 

r 1 = —r 1 . 



(91) 



The two equations are actually the same, leading to the values 

n = ± T , 



(92) 



that are fully consistent with the general solution of ref.||. The restoration of the gauge 
fields A^ and A * does not change anything: one can easily verify that their contributions to 
di{r) and a 2 (r), for r 2 = 0, automatically satisfy eq.([84|), so no new constraints arise from 
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their presence. To get the consistent gauge and Lorentz anomalies we have only to compute 
eq . ( fTlD and eq.(|52|) with r x = ^ and r 2 = 0: 



<(A) 



a^r) 



cV-V 



, , d z x^gtr[[—d^A u - iV^)\ 



d 2 Xy/g [R + 2A 9 + AW^ 



48vr 



T. 



(93) 
(94) 



For = and A^ = A^, we recover the usual form (up to trivial cocycles), with the correct 
normalization. 



VI 



The computation of 1^ s >°) E;A,A^ is now straightforward: as in the previous section 
we choose the coordinate system eq. (j63|) , where D*D looks like 



D*D 



Do 



exp 



a(ri — 3) — i/3(ri + 1) (iadA exp — a(r± + 2) + i(3ri 



D 2 exp a + ij3 



i<y,. 



a, - v- 1 ^^ 



(95) 



we do not exhibit the explicit calculation, similar to the one described in the previous section, 
that leads to 

r (^,o) = f tffl) _ i og det U&MDt] , (96) 



f(^,o) 



l — J d 2 x^d 2 z^ [R(x)A g \x, z)R(z) + iR(x)A-\x, z )^-d^W{ 



1927T 



24vr 



(Pxy/gn^W, 



(97) 



■vS 



where we have taken = and we have expressed f ( 3 >°) in its diffeo-invariant form. The 
calculation of 



f q = — log det 



ia^d IM )D 2 



can be directly obtained from eq.([77|): we notice that the two determinants are strictly the 
same if we put V t = 11 in eq.(|73|), so that 



nn 



(98) 



the normalization to the free case is always understood. Summing the two different contri- 
butions 

r(^.o) = f(^.°) + f[vi (99) 

we recognize the non-abelian generalization of the classical Leutwyler's result |7[, with a 
different choice of the local term in the gravitational part. The Weyl determinant is obtained 



as the ^-function determinant of the second order operator (we make the projection on 
SU(N) andSL(2,R)) 



D*D 



™«< 



d, + (1 



Vs 



n 



ia b e v b 



d v + iA v + n h 



(100) 



giving an explicit diffeo- invariant result. If we switch off the zwei-bein field, we recover 



the well-known form of the two-dimensional non-abelian gauge determinant ||14| . The usual 
W-Z-W term is easily obtained by means of a SU(N) gauge transformation 

V ->hV; 

we notice that a coset trasformation, h G SL(N,C)/SU(N), leads to the same action for 
the W-Z-W field. The characterization we have given of the consistent determinant, eq. (|T"9|) . 
holds also for finite variations: 



h: nv}^r[v]+r c ™ zw [h) 
h: £[v}->t[v} + r<^ zw [h}. 



(101) 



6. Conclusions 

We have obtained in d = 2, by characterizing the consistent and the covariant anomalies 
as different solutions of an extended cohomological problem, two second order operators: 
using (^-function regularization they produce, respectively, the covariant and the consistent 
Lorentz and gauge anomalies. We have computed their determinants and the W-Z-W terms 
linked to the gauge part. 

The "consistent" determinant is the non-abelian generalization of the one derived by 
Leutwyler in 0, as a consequence of a completely different procedure. If we switch-off 
the gauge field, the operator in eq. (|100|) is a particular case of the one-parameter family 
of operators, obtained in [[|, that led us to the same Weyl determinant (up to coboundary 
terms). At least to our knowledge, in the case of curved background, it is the first time that 
the Weyl determinant has been computed as the ^-function determinant of some operator. 

The "covariant" determinant is essentially the modulus of the Dirac one: nevertheless 
working with a SL(N, C) gauge group, this functional is not invariant under SL(N, C)/SU(N) 
transformations. The coset action produces the covariant anomaly in the infinitesimal case, 
and, for finite transformations, the covariant W-Z-W term, derived in || by cohomological 
methods. 
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